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Abstract 

Perelman proved that an open 3-dimensional shrinking gradient Ricci soliton 
with bounded nonnegative sectional curvature is a quotient of S 2 x R or M 3 . We 
extend this result to higher dimensions with a decay condition on the Ricci tensor. 
We also prove a gap theorem for compact solitons with Ricci curvature sufficiently 
pinched. 



1 Introduction 

A gradient Ricci soliton is a Riemannian manifold (M, g) together with a smooth 
function / such that 

Ric + Hess/ = A g, 

where A is a constant. It is called shrinking, steady and expanding when A > 0, A = 
and A < respectively. 

Gradient Ricci solitons are self-similar solutions of Hamilton's Ricci flow and play 
a vital role in the analysis of singularities of the flow. In dimension 2, Hamilton [10] 
completely classified shrinking gradient Ricci solitons with bounded curvature and proved 
that they are the sphere, the projective space and the Euclidean space with constant 
curvature. In dimension 3, Ivey [13] proved that compact shrinking gradient Ricci solitons 
have positive sectional curvature and Perelman [22] proved that shrinking gradient Ricci 
solitons with bounded nonnegative sectional curvature are quotients of S 3 , S 2 x R or R 3 . 

In higher dimensions, there have been many results in the last several years. Chen 
[5] showed that a complete shrinking gradient Ricci soliton has nonnegative scalar curva- 
ture. Ni and Wallace [21] gave the classification of shrinking gradient Ricci solitons with 
nonnegative Ricci curvature and zero Weyl tensor. Petersen and Wylie [21] and indepen- 
dently, Cao, Wang and Zhu [7j, classified the shrinking gradient Ricci solitons with zero 
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Weyl tensor. Fernandez-Lopez and Garcia-Rio [H] considered solitons with harmonic Weyl 
tensor. In [23], several natural curvature conditions are given that characterize gradient 
Ricci solitons of the flat vector bundle N Xp W 11 , where N is an Einstein manifold, T acts 
freely on N and by orthogonal transformations on IR m , and / = \d 2 with d being the 
distance on the flat fiber to the base. In particular, it is shown in [23] that a shrinking 
gradient Ricci soliton is rigid, i.e., of the form N x r M m , if the scalar curvature is constant 
and the sectional curvature of the plane containing V/ is nonnegative. As a consequence 
of a theorem of Bohm and Wilking ([2]), the gradient Ricci solitons with positive curva- 
ture operators are trivial. In view of this and the aforementioned result of Perelman, one 
naturally asks to what extend shrinking gradient Ricci solitons with nonnegative sectional 
curvature are rigid. Our first result in this paper is the rigidity under a decay condition 
on |Z)Ric|, extending Perelman's result to higher dimensions. In all theorems we scale the 
metric so that A = |. 

Theorem 1.1 Let (M,g,f) be a complete non-compact shrinking gradient Ricci soliton 
with bounded nonnegative sectional curvature. Assume that there exists 5 > such that 

e 5f \DRic\ dvolg < oo. 

Then (M n ,g) is isometric to N Xp W 11 , where N is a compact Einstein manifold. 

The Cheeger-Gromoll Soul Theorem states that an open manifold with nonnegative 
sectional curvature is diffeomorphic to a vector bundle over a compact submanifold called 
a soul. The pull-back metric on the bundle can be highly twisted. However, if there exists 
a gradient soliton structure on such a bundle, then, by Theorem II. 1[ the metric has to 
be locally trivial, provided that the decay condition is satisfied. The decay condition on 
DRic in Theorem 11.11 is imposed in the region where / is large. Our next result deals 
with the rigidity under a condition on DRic imposed in the region where / is small. 

Theorem 1.2 Let (M n ,g,f) be a complete shrinking gradient Ricci soliton with bounded 
nonnegative sectional curvature. Assume that the minima of f is a smooth compact non- 
degenerate critical submanifold, DRic and D 2 Ric vanish on the minima, then (M n ,g) is 
non-compact and isometric to N Xp R m , where N is a compact Einstein manifold. 

Our final result is a rigidity when the Ricci curvature is sufficiently pinched. A similar 
theorem is proved for Kahler- Ricci solitons by H. Li [15J. When the sectional curvature 
is ^-pinched, the rigidity follows from the sphere theorem of Brendle and Schoen [3J . For 
non-compact solitons, related results can be found in [IE], [T7] and [25] . 
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Theorem 1.3 Let (M n ,g,f) be a compact shrinking gradient Ricci soliton with nonneg- 
ative sectional curvature. Assume that the Ricci curvature of M satisfies \Ric — < e, 
where e = t» 3 , then M is an Einstein manifold. 

24(n— lj-n-* ' J 

We derive some basic formulas in section 2, and prove theorems 1 1 . 1 1 and 1 1 . 3 1 in sections 
3 and 4 respectively. In the last section, we give a proof of Theorem 11.21 

Acknowledgement. We thank Professors Peter Petersen and DaGang Yang for their 
interests in this work and for helpful discussions. 

2 Basic Formulas 

There are different conventions for the curvature tensor in the literature, to avoid 
the confusion, we state ours as follows. The (3, 1) tensor Rm(X,Y, Z) = Rm(X,Y)Z is 
defined as 

Rm{X, Y)Z = D x D Y Z - D Y D x X - D [X , Y ]Z 
and the (4, 0) tensor as 

Rm(X, Y, Z, W) =< Rm(X, Y)Z, W > . 

We use Ric to denote the Ricci tensor and R the scalar curvature. For a tangent vector 
X at p, we use Ric(X) to denote the vector such that 

< Ric(X),F >= Ric(X,F) 

for any vector Y at p. In the remaining of the paper, we will rescale the metric and 
assume that our gradient Ricci soliton satisfies 

Ric + Hess/ = —g. 

Since the curvature of (M, g) is assumed to be bounded, there exists a flow $ t : M — > M 
defined for all time with $ = Id and ff = V/ ( p. 207, [EE]). For t G (oo, 0), define 
G(t) = \t\ $l ln|t| g. Then G(-l) = g and G(t) satisfies 

Ric(G(t)) + Hess/ = ^- G(t), 

2r 

where Hess is taken with respect to the metric G(t) and t = \t\ = —t. 
In the next lemma, we collect some well-known formulae. 
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Lemma 2.1 On (M, G(t)), we have 

(1) dR = 2Ric(Vf,-) 

f 

(2) | V/f = - — R+ constant 

T 

(3) —+ < V/, VR >= AR + 2\Ric\ 2 

T 

(4 ) divRm(X, Y, Z) = Rm(Vf, X, Y, Z) 

(5) D x Ric(Y, Z) = D Y Ric(X, Z) - Rm(X, Y, V/, Z), 

where divRm(X, Y, Z) = tracei^DRm^, -, X, Y, Z). 

Proof. The derivation of (l)-(3) can be found in [11] and (4)-(5) in [23]. 

□ 

Lemma 2.2 On (M,g), the following holds. 

A\Ric\ 2 = 2\DRic\ 2 + 2\Ric\ 2 + Vf(\Ric\ 2 ) - AK^Xj, 

where Aj are the eigenvalues of the Ricci tensor and K~ij is the sectional curvature of the 
plane spanned by the eigenvectors belonging to Aj and Xj respectively. 

Proof. This follows from the following formula derived in Lemma 2.1 in |24j . 

n 

ARic = -Dy/R-ic + Ric — 2 Rm(-, e^, Ric(efc), •). 

k=i 

□ 

Throughout the computations in the paper, we assume {ei, ...,e n } is an orthonormal 
basis in a neighborhood of a fixed point x with D e .Cj (x) = and further assume that each 
Ci is an eigenvector of Ric at x corresponding to the eigenvalue Aj. Such a basis always 
exists. We also use the Einstein summation convention (unless otherwise specified). 

Lemma 2.3 On (M,g), we have 

div(Ric{VR)) = Vf{\Ric\ 2 ) + ^|Vi?| 2 -2<Z,Vf> +\Ric\ 2 -2^ Xf, 

i 

where Z = Ric(ei, ej)Rm(V f, e,-). 
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Proof. The following computations are done at x. We have from Lemma [2. II 

£> ei Ric(V-R, ei) = D VR Ric(ei, e*) - Rm{e h VR, V/, e*) 
= |Vi?| 2 -Ric(V J R,V/) = ^|Vi?| 2 . 

Using Lemma [2.11 (1) and (5), we obtain 

div(Ric(Vi?)) = < D e .Ric(Vii:), e { >= e i Ric(V J R, e;) 

= D e .Ric(VR, + Ric{D ei VR, ei) 



1 1 Vi?| 2 + Ric(e i; ej) < D £i VR, e j > 



VR\ 2 + 2Ric(e i ,e j ) < D Ci Ric(V/), e 3 - > 



2 

= -IVR' 2 
2 

= ^\VR\ 2 +2Ric(e i ,e i )e i Ric(V/,e i ) 
= ^|Vi?| 2 + 2Ric(e i ,e i )[ J D ei Ric(V/,e i ) + Ric(D Ci V/, e,)] 
= ^|Vi?| 2 + 2Ric(e J ,e j )[ J D V /Ric(e i ,e J ) - flfe, V/, V/, e,-)] 

+2A 2 (^ - Ai) 

= i| V^| 2 + V/(|Ric| 2 ) - 2 < Z, V/ > +2A 2 (^ - Ai) 

= i| Vi?| 2 + V/(|Ric| 2 ) -2<Z,Vf> +|Ric| 2 - 2 ]T A?. 

Lemma 12.31 is thus proved. □ 

Remark 2.1 < Z,Vf >> , when the sectional curvature of(M,g) is nonnegative. In 
fact, atx, < Z,Vf >= Aji2m(V/, e h e i5 V/). 

The next lemma is a slight variation of Lemma 12.31 

Lemma 2.4 On (M,g), we have 

"11 1 
Vf{\Ric\ 2 ) = 2[< Z, V/ > + J2 A *(A* - t) 2 ] + -<Vf,VR> --\VR\ 2 - div{D VR Vf). 

i=i 
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Proof. It follows from Lemma [2.31 that 

div(Ric(Vi2)) = ^\VR\ 2 + V/(|Ric| 2 ) - 2 < Z, V/ > +|Ric| 2 - 2 ^ A, 3 . 

i 

Using Ric(Vi?) = ±Vi? - D^ R Vf and Lemma O (3), we have 
V/(|Ric| 2 ) = f -2|Ric| 2 + 2^A 3 

i 

+2 < Z, V/ > +^ < V/, Vi2 > -^|Vi?| 2 - div(Z> V JiV/). 
The lemma now follows as f - 2|Ric| 2 + 2 £ . A 3 = £" =1 A;(Aj - ±) 2 . 

□ 

Combining Lemma 12.31 with 12.21 gives the following proposition which will be used in 
the proof of Theorem 11.31 

Proposition 2.1 On(M,g), 

P = ^Vf(\Ric\ 2 ) + ^|Vi?| 2 + div[^W\Ric\ 2 - Ric(VR)], 
where P = - Xjf + \DRic\ 2 + 2 < Z, Vf >. 

Proof. Lemma 12.21 implies that 

-IKijWj + |L>Ric| 2 = -^V/(|Ric| 2 ) - |Ric| 2 + div(- V|Ric| 2 ), 
while Lemma 12.31 implies that 

2 ^ A 3 + 2 < Z, V/ >= V/(|Ric| 2 ) + |Ric| 2 + ^| Vi?| 2 - div(Ric(Vi?)). 

i 

Adding the corresponding sides of the last two equations and noting that 2 J2i ~~ 
2 Si,j KijXiXj = j Kij(Xi - Xj) 2 , we obtain Proposition [2J] 

□ 

Remark 2.2 Clearly, P >0 , when the sectional curvature of(M,g) is nonnegative. 
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The proofs of Theorems 11.11 and 11.21 will use an alternative form of Proposition 12.11 
in which the term |L>Ric| 2 is replaced by |div Rm\ 2 . An integral from of next lemma is 
proved in jl]. 

Lemma 2.5 On (M,g), 

\DRic\ 2 = \divRm\ 2 + 2 < Z, V/ > --Vf(Ric\ 2 ) + div(-V\Ric\ 2 - 2Z). 

Proof. As before, we fix an orthonormal basis, {e±, e n }, in an neighborhood of a 
fixed point x and assume that D ei ej (x) = and that each e$ is an eigenvector of Ric at 
x corresponding to the eigenvalue Aj. At x, 

div(Z) = < D ek Z, e k >=< D efc Ric(e;, e i )i?m(V/, e h ej), e k > 

= D ek Ric(ei, ej) Rm(Vf, e,, ej, e k ) + Ric(e£, ej)e k [Rm(Vf, e», e^, e fe )] 
= D ek Ric(ei, ej)dwRm(ei, e,-, e k ) + Ric(e i5 ej)[D ek Rm(V f, e i; ej, e k ) 

+Rm(D ek Vf, ei,ej,e k )} 
= [D ei Ric(ej, e k ) - Rm(e k , e i} Vf, e j )]divRm(e i , ej, e k ) 

+Ric(ei, e j )divRm(e j , e h Vf) + A* Rm({- - Aj)e fe , e h e h e k )\ 
= [D Gi Ric(ej, e k )divRm(ei, ej, e k ) + d\vRm{ej, ej, e k ) divRm(ei, ej, e k ) 

+Ric(e i; ej)Rm(Vf, ej, e i: Vf) + hjX (- - Aj). 

In the above calculation, we have repeatedly used Lemma 12 . 11 The lemma now follows 
from Lemma 12.21 and the following two identities whose proofs are easy. 

D e . i Ric(e i , e k )d\vRm(e h ej, e k ) = 

and 

divRm(ej, ei, e k ) divRm(ei, ej, e k ) = -\d\\Rm\ 2 . 

□ 

Lemma |2.5[ together with Proposition 12.11 implies the following 
Lemma 2.6 On (M,g), 

Q = Vf(\Ric\ 2 ) + ^\VR\ 2 + div[2Z - Ric{VR)}, 
where Q = Kij{\ - Xj) 2 + \divRm\ 2 + 4 < Z, V/ >. 
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□ 



Remark 2.3 We note thatQ > , when the sectional curvature of(M,g) is nonnegative. 
The next lemma deals with the term V/(|Ric| 2 ) in Lemma [2.61 

Lemma 2.7 On (M,g), 

Vf(\\Ric\\ 2 ) = l -\VR\ 2 + ~ < Vf,VR > +\vf(< V/, VR >) 

+div[D VR Vf - iv< Vf,VR>)}. (2.1) 

Proof. It follows from Lemma [2. II (3) and (1) that 

^Vf(AR) = -Vf(\Ric\ 2 ) + ±<Vf,VR>+^Vf(<Vf,VR>). 

The Bochner-Weitzenbock formula implies that 
div[^V< Vf,VR>] = ^A<Vf,VR> 

= < Hess/, Hessi? > +-Vf(AR) + -VR(Af) + Ric(V/, VR) 

1 1 n 1 

= < Hess/, Hess/2 > +-Vf(AR) + ^VR(- - R) + -\VR\ 2 

= < Hess/, Hessi? > +~Vf(AR). 



But, 



div(D V i?V/) = < D et Dv R Vf, e % >= e % < D VR Vf, a >= a < D Ct Vf, VR > 
= < D e X^ei - Ric(ej)), VR > + < Hess/, Hessi? > 



The lemma follows. 



-D ei Ric(ei, VR)+ < Hess/, Hessi? > 
-i|Vi?| 2 + < Hess/, Hessi? > . 

□ 

We now have the following proposition which will be used in the proof of Theorems 
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Proposition 2.2 On (M,g), 

Q = \VR\ 2 + ^<Vf,VR>+^Vf[<Vf,VR>] 

+div[2Z - Ric{VR) + D VR V/ - < V/, VR >}. 
Proof. This is merely a consequence of Lemmas 12.61 and 12. 71 

□ 



3 Proof of Theorem 1.1 



We will use to denote a real-valued nonnegative C 4 function on R and write <fi o / 
as </>(/). We will show that R is a constant function and then appeal to [23J to complete 
the proof. We begin with the following proposition. 

Proposition 3.1 On(M,g), 

M Q = \<Vf,VR> [(</> - </>')(/) - (0 + <W)A/ 

-(0" + W)IW| 2 ] 

+(0 + 0')(/)|Vi?| 2 -20'< Z,V/> +div(X), (3.1) 

u>/iere 

X = ~< Vf,VR>(<f>' + </»)(/) V/ 

[2Z - i?zc( Vi?) + D v « V/ - i V < V/, Vi? >] . 
Proof. We multiply each side of the equation in Proposition 12.21 by 0(/) to get 

= 0(/)l Vi?| 2 + ^ < V/, VR > +^V/[< V/, VR >} 
-</>'(/) < 2Z - Ric(Vi?) + D VR V/ - ~ V < V/, Vi? > , V/ > 
+div{0(/) [2Z-Ric(Vi2) + £> V flV/ - < V/, VR >]}. 
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It follows from the soliton equation and Lemma [2.11 (1) that 

< -Ric(VR)+D WR Vf , V/> = < -Vi2-2Ric(V.R),V/> 

= - < V/, V-R > -|V-R| 2 . 
2 

We thus obtain 

4>U)Q = (0 + W)l Vi?| 2 + ^^(/) < V/, VR > -20' <Z,Vf> 



2 



+div{0(/)[2Z-Ric(Vi2) + D V flV/ - iv< V/,Vi?>]}. (3.2) 
Now, we observe that 

(0 + 0')(/)V/(< V/,Vi2>) 

=< V< Vf,VR>,(cf>' + <f>)(f)Vf> 

= -<Vf,VR> M + 0)(/)A/ + (0" + 0')(/)|V/| 2 ] 

+div[< V/,V J R>(0' + 0)(/)V/]. 

Substituting the above into (13.21) . we obtain (13. ip . Proposition 13.11 is thus proved. 



□ 



The idea now is to choose an appropriate function and integrate (13. ip over M. The 
divergence term, after integration, vanishes because of the fall-off condition we impose. 
The right hand side will then be nonpositive while the left is always nonnegative, and 
consequently, R is a constant. Theorem 11.11 follows from [23J. 

Proof of Theorem \l.l\ We normalize / by adding a constant so that Lemma [2. II (2) 
takes the form |V/| 2 = f — R. Since R > 0, we always have |V/| < /. On the other 
hand, since R is assumed to be bounded and / grows quadratically with respect to the 
distance from a fixed point ([S], [IS]), we have |V/| 2 > |/, when / is sufficiently large. 
Thus, there exists T > 2 so that when f >T, 

\f < |W| 2 < /. (3.3) 

Fix < 7] < 5 and define <\> : R ->• R by <p(t) = for t < T, and <j>(t) = (t - T) k e r,t for 
t >T, where k is a sufficiently large number to be determined. Throughout this section, 
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we will use this <fi in (13. ip . By our fall-off assumption, there exists a sequence tj — > oo 
such that 

, f 1 , 

e ' — — LDRic ->■ 0, as 2 -»■ 00. 



iv/l 

From this, we now deduce that 

div(X) = / < X lX{ > 0, as z 00. (3.4) 

th 

To this end, we look at each of the five terms in X and denote by Xi the i term. Then, 
when f > T, 

: A '' V / ;> ' 1 ' < V/,Vi?> |(0' + 0)(/)|V/| < C x f k+1 e^\VR\, 



|V/| 2' 

where Ci is a constant depending only on k and 17. Now by the Cauchy-Schwarz inequality, 
|DRic| 2 = ^p ej Ric(e J -,e i )] 2 > - D ei Ric( ej , e,)] 2 = -|V,R| 2 . 

Thus, 

\VR\ < Vn|DRic|. 

Hence, 

1 < > 1 < Ci v^/^lDRicl. 

Integrating the above over {/ = £j} and noting that 

Ct,/Kf k+l e«f\DRic\ < e 5 /- |jDR]c| 



|V/| 



when / is sufficiently large, we conclude 

I < Xi, V/ > 



/=** 



|V/| 



— )■ 0, as i — > 00. 



Now note that < X 2 ,Vf >= 2<p < Z,Vf >= 20 £V A* #m(V f,e h e h V '/). Since Ric is 
assumed to be bounded and since the sectional curvature is nonnegative, 

1 < > 1 < C 2 f k -h^Ric(Vf,Vf) = C 2 f k ^e^\ < Vf,VR >, 

If 



where C is a constant dependent only on the bound of Ric and the last equality follows 
from Lemma [2. II Hence, when / is sufficiently large, 



< X *yj > 1 <-C 2 fe^\VR\ < e s f- 



DRicI 



|V/| - 2 * J 1 1 " |V/| 
It then follows that 

<X 2 ,V/> 



f=U 



|V/| 



— > 0, as i — > oo. 



The arguments for other AVs are similar, we will skip X% and X4. Now look at X&. 
Repeatedly using Lemma I2T1T 2). we see that 

<X 5 ,V/> = -^0V/< V/,Vi?>=-0V/[Ric(V/,V/)] 

= -4>[D Vf mc(Vf, V/) + 2Ric( J D v/ V/, V/)] 
- -cf>[ D v/ Ric(V/, V/) + Ric(V/ - VR, V/)] 

= -0[£> v/ Ric(V/, V/) + \ < V/, Vi? > -Ric(Vi2, V/)]. 

Since \VR\ can be bounded by |£>Ric|, we have | < X 5 , V/ > | < C 5 e^/ fc+3 |Z)Ric|. (|S3D 
then follows. 

To simplify notations, we put 

F = l - < V/, VR > [(0 - <j>'){f) - (0 + <j>'){fW 

-(0"+0')(/)iv/r] 

+(0 + 0')(/)|Vi?| 2 -20'<Z,V/>. 

Then, 

0(/)Q = F + div(X). 

It follows easily from the arguments in the proof of (]3.4j) that J M F dvol g < 00. We thus 
have 

/ <j>(f)Q = [ F 

JM JM 

We now show that J M F dvo\ g < 0. First, we note that —A/ = R — ~ < A, where A is an 
upper bound of R, hence — (0 + 0')(/)A/ < A(0 + 0'), as and 0' are both nonnegative. 
Next, we observe that, by Lemma [2.11 



\VR\ 2 = 2Ric(V/, Vfl) = 2^ X iei (f) ei (R) 
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and Ci(R) =< VR, >= 2Ric(V/, ej) = 2A;ej(/). So for each i, ei(f)ei(R) > 0. Hence 
\VR\ 2 < 2A < Vf,VR >. Finally, we recall that < Z,Vf >> (Remark ED . We thus 
conclude 

F < i<V/,V J R>[(0-0')(/)+A(0 + , )(/)+4A(0 + 0') 

-\f{<t>" + <t>'){f)l 

where we have used (13. 3p . A direct computation leads to 

(<j> - <j>')(t) + A(0 + tjf)(t) + 4A(0 + - \t{f + </>')(*) 
= + 5)(t - - [^(1 + 25)A; - 5(1 +8)A-1 + ^^5}(t - T) k e St 

-k[~(k - 1) - 5A + ~T + l](i - T) k ~ x e st - ~7>". 

If we choose > 10A + 2, the above expression will clearly be negative for t > T . We 
have therefore shown that 

/ <f>(f)Q < f <Vf,VR> G, 
Jm Jm 

where G < and G < when f > T. Since Q > (Remark 12.31) . we conclude that 
< V/, V-R >= in the region {/ > T}. But as we have noted earlier in the proof, 
\VR\ 2 < 2A < Vf,VR >. Hence VR = in the region {/ > T}. The analyticity of 
metric ([I], |14j ) then implies that i? is a constant function. Theorem 11.11 then follows 
from [23] . 

□ 



4 Proof of Theorem 1.3 



By adding a constant, we may assume that the minimum value of / is zero. Then the 
function fe~^ is nonnegative. We then have the following lemma. 

Lemma 4.1 

0< f (2/-l)e^VA J (A ! -V+/ ^-[<V/,Vi2>-2<Z,V/>]. 
Jm ■ ^ Jm z 



13 



Proof. It follows from Proposition 12.11 that 

f e -fp = ^l e -/ V /(|Ric| 2 ) + VR\ 2 + div(X), (4.1) 

where X = fe~? [|V|Ric| 2 — Ric(V-R)] and we have used Lemma 12.1 1 It follows from 
Lemma 12.41 that 



V/(|Ric| 2 ) = 2[J2^-h 2 ]+<Z,Vf>] 



+ l - < Vf, VR > ~\VR\ 2 - div(D VR Vf). 
Multiplying each side of the above by 2 ^ L e~^ and using Lemma [2.11 we obtain 
2 -^e-f V/(|Ric| 2 ) = (2/ - l)e"/ A,(A, - \?]+ < Z, Vf >} 

i 

+ e — < Vf, VR > -^-\VR\ 2 - div(^-^e- / J D V /? V/). 



We substitute the above into (14. ip and integrate over M to get 

f fe-f[K i5 {\ - A,) 2 + |£>Ric| 2 ] = f (2/ - l) e -> V A,(A, - ^) 2 
Jm Jm i 1 

+ I Vt< Vi? > -2 < V/ >]. 

Since the sectional curvature is assumed to be nonnegative, Lemma [4. II then follows. 

□ 

The plan now is to estimate the right hand side of the inequality in Lemma 14.11 in terms 
of < V/, VR >. To that end, we first prove the following. 

Lemma 4.2 

2{n - l)it 2 e 



For any x G M, fix) < 



l-2e 



Proof. Let p be a minimum point of /, then, by our assumption, f(p) = 0. Given any 
point x G M, let 7(3) be a minimal geodesic from p to x and parametrized by arclength. 
Suppose 7(0) = p and 7(d) = x. Denote F(s) = f(j(s)). The mean-value theorem then 
implies that there exists so G [0, d] such that 

f(x) = F'(s )d. (4.2) 
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By the soliton equation and our assumption on the Ricci curvature, 

F"(s) =< D Y{S) V/, Y(s) >= l - - mc{i{s),i{s)) < e. 

Since F'(0) = 0, we infer from the above that F'(s) < es. It then follows from (14. 2p that 
f(x) < ed 2 . Since Ric > | — e > 0, the Bonnet-Myers theorem implies that d 2 < ^ 2 -e ' 
Lemma 14.21 is thus proved. □ 
We now give a proof of Theorem 11.31 

Proof of Theorem \1.3[ To simplify notations, we denote 6 = ^""l^J £ . It follows from 
Lemma 14.11 that 

< (28 - 1) / e-' T A,(A, -\f + ! ^[< Vf, VR>-2< Z, V/ >]. (4.3) 
Jm i 1 Jm 1 

Since Ric > (§ - e)g, 2£\ A^A, - \) 2 > (1 - 2£)|Hess/| 2 . This, together with (TOD and 
the fact that 8 < |, implies that 

0< (l-2e)(25-l) / e-- f \Re SS f\ 2 + [ e —[<Vf,VR>-2<Z,Vf>\. (4.4) 
The Bochner-Weitzenbock formula 

^A|V/| 2 = |Hess/| 2 + < V/, V(A/) > +Ric(V/, V/) 
and Lemma 12.11 imply that 

|Hess/| 2 = l - < Vf, VR > +^A| V/| 2 . 



Multiplying each side by e ' and integrating over M yield 

/ earless/) 2 = \ f e~' |V/| 2 , 

where we have used Lemma [27T1 Since Ric < (~ + e)^, 

< V/,Vi?>=2Ric(V/,V/) < (1 + 2 £ )|V/| 2 

Hence, 

1 



(4.5) 



|V/| 2 > TT ^< V/,V J R>. (l.G) 
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Combining ( 14. 6 j) with (14. 5p . we obtain 

e"' |Hess/| 2 > T~o~\ / < V /, Vi? > ■ ( 4 - 7 ) 
m 2(1 + 2e; y M 

Similarly, since Ric > (~ — e)g and since the sectional curvature is nonnegative, 

n 

2<Z,Vf>=J2 ^iRm(e h V/, V/, e<) > (1 - 2e)Ric(V/, V/) 

i=i 

= ^ £ <V/,Vi?>. (4.8) 

( I4.4p . combined with ( 14. 7ft and (14. 8p . then implies that 

By our choice of e, it is easy to see that the coefficient in front of the integral is negative. 
But < V/, VR >= 2Ric(V/, V/) > (1 - 2e)\ V/| 2 > 0, hence, V/ = 0. Therefore, M n is 
Einstein. This completes the proof of Theorem 11.31 

□ 



5 Proof of Theorem 11.2 



We first show that the Ricci tensor has a zero eigenvalue at any point p in C, then 
show that the soliton splits in a neighborhood of p, which, in turn, implies that the scalar 
curvature is a constant. 

Let C be the critical manifold of minima of /. Since C is assumed to be non- 
degenerate, the Bott-Morse Lemma implies that for any point p 6 C, there exists an 
open neighborhood U of p and a diffeomorphism <p : U — > M. n such that <j){U fl C) = 
{(0, 0, Xm+i, x n )} , <f>(p) = and / o _1 (xi, x n ) = c + \(x\ + ... + x 2 m ). 

In what follows in this section, unless specified otherwise, the range for the greek leters 
a, (3, ... is 1 to m while that for the latin letters ... is m + 1 to n. 

We observe that we may assume that for all a and i, g m (p) = . In fact, by making 
a change of variables, y a = x a and = Xi — Y^=i 9 %l3 (p) x i3y we see th a ^ i n ^ ne new coor- 
dinates, at p, g ai =< Vy a ,Vyi >= for a and i. Moreover, f(y 1 ,...,y m ,y m+1 ,...,y n ) = 
c + \{y\ + ■■■ + From now on, we assume in the original coordinates (xi, ...,x n ), 

g m (p) = for all a and i. As a consequence, we also have g a i(p) = 0. 

Next lemma computes the Ricci tensor at p. 
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Lemma 5.1 At p, we have Ric(p)(-£^, ^) = \{g a p{p) - 8 a p); Ric(p){£:, £.) = \gif, 
and = 0. 

Proof. Since V/ = ffV^ + \sT^a^ we have at V, Hess (/)(p)(afi> gj^) = §<W, 
and Hess(/)(p)(g|-, ^-) = Hess(/)(p)(^-, ^-) = 0. The lemma follows from the soliton 
equation. 

□ 

Let \i a ( a = l,...,m) denote the eigenvalues of the matrix g alS . It follows from 
Lemma [57T1 that the eigenvalues of the Ricci tensor at p are a = 1, m and | with 

multiplicity n — m. Since the Ricci tensor is assumed to be semi-positive definite, [i a < 1 
for each a. Our goal is to show that fi a — 1. 

Now assume {ei,...,e„} is an orthonormal basis in a neighborhood of a fixed point 
p G C with .D ei ej (p) = for 1 < z, j, < n. We may assume that each e a is an eigenvector 
of Ric at p corresponding to the eigenvalue ~ 2 M " for 1 < a < m and an eigenvector 
corresponding to | for m + 1 < i < n. 

By our assumption, DRic = D 2 Ric = at p. Hence, for each 1 < s < n, in the 
neighborhood of p, 

n 

Ric(e s , e s ) = r s + ^ r sijk XiXjX k + /i.o. 

i,j,k=l 

where r s and are constants. We make the following observation. 
Lemma 5.2 we have 

r a = — - — , a = l,...,m; r; = -, z = m+l,...,n 

m 

^i^ SQ /i Q = 0, 

Q = l 

where K sa is the sectional curvature of the section spanned by e s and e a . 
Proof. We only need to prove the second line. At p, 

(ARic)(e s ,e s ) = A[Ric(e„ e s )} = 0. 
On the other hand, we have ARic = -Dy/Ric + Ric — 2 Ym=i Rm{'i Ric(e«), ■) (Lemma 



17 



2.1 in [23], see also the proof of Lemma [2 . 2 j) . Hence, 



= Ric(e s , e s ) - 2 Rm(e s , e h Ric(e;), e s ) 

i=i 

m n 

= r s - 2^ Rm(e s ,e a ,Ric(e a ),e s ) - 2 ^ Rm(e s , e h Ric(ej), e s ) 

a=l i=m+l 
m n 

= r s - ^ (1 - /i a )i?m(e s ,e Q ,e Q ,e s ) - Rm(e s , e h e h e s ) 

a=l i=m+l 

m 



o=l 



□ 



We are now in position to prove Theorem 11.21 



Proof of Theorem ! 1.2\ It follows from Lemma [531 and the assumption of nonnegative 
sectional curvature that K sa (p) = for all 1 < s < n. So, Ric(p) vanishes on the subspace 
spanned by {-^- \ a — 1, m}. 

We first prove that a neighborhood of p splits isometrically as U x V, where U is of 
at least m dimensional and Ric = on U. We have shown that that Ric Q( g(p) = 0. The 
rest of the argument are along the lines of the proof of Lemma 8.2 in [I2j and that of 
Corollary 2.1 in [20J. Denote by K(x,t) the null space of Ric(x,t), i.e. 

K(x, t) = {w eT x M\ Ric(x, t) (w) = 0} 

Let Wo G K(p, —1) and 7(s) a smooth curve starting from p. Parallel translating u> along 
7 gives a vector field w along 7. Denote the extension of w to a neighborhood of 7 still 
by w. Now we project w onto K(x,t) to get a vector field v(x, t). Then v( r y(s),i) G 
K( r j(s),t). We first show that Dy v is also in K( , y(s),t). We fix an orthonormal basis 
in g(t), {ei, ...,e n }, in a neighborhood of a fixed point 7(3) and assume that ei(j(s)) are 
the eigenvectors of Ric. For simplicity of notations, we denote e»(7(s)) by e;(s). Since 
Ric(v) = 0, [f Ric] = 0. The evolution equation for Ricci tensor then implies that 

at 7(5), 

(ARic)(v, v) - 2 < Ric(u), Ric(u) > +2Ric(e;, e;) if (e^, u) = 0, 

where the repeated indices are being summed over. Since the sectional curvature K{e^ v) > 
and since Ric(f) = 0, we deduce that (ARic) (v,v) < 0. Direct computations give 

(ARic)(v, v) = A[Ric(u, v)} - Ae l [Ric{v, D ei v)\ + 2Ric(t;, D ei D £i v) 

+2Ric(v, D Dp ei v) + 2Ric(D ei v, D e% v). 
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Using (ARic)(f,f) < and Ric(u) = 0, we obtain Ric(D e - v, D e . v ) < 0. Since Ric is 
positive semi-definite, we conclude that Ric(-D 6i v) = for each i, and hence Dy v G 
K(j(s),t). As in the proof of Corollary 2.1 in (20], we conclude that w G K(x,t). Since 
parallel translation preserves inner product, for each fixed t, the dimension of K(x,t) is 
independent of x. We then use De Rham's decomposition theorem to conclude that a 
neighborhood of p splits. 

Note that |V/| 2 > / near p. In fact, the restriction of g and / on U gives a soliton 
on U with zero Ric tensor. Lemma 12.1( 2) implies that |Vt//| 2 = /, where V[/ / is the 
gradient of f\u with respect to the metric g\jj. Since |V/| 2 > |V[//| 2 , we infer that 
|V/| 2 > / near p. 

We now prove that |V/| 2 < / near p. Given any point q in a neighborhood of p, 
denote by 7(3) the integral curve of y^jp such that 7(0) = q. Then /(7(s)) = s -1-/(7(0)). 
On the other hand, using Lemma [2.1( 1) (2), we have 

^IWI 2 (7(*)) = ^V / (|V / | 2 ) = ^ F (|V/| 2 -<V/,Vi?» 
= ^[|V/| 2 -2Ric(W,V/)]. 

Since Ric(V/, V/) > 0, we obtain j- |V/| 2 (7(s)) < 1. Integrating this inequality from 
— /(7(0)) to s and noting that V/(7(s)) = at s = — /(7(0)) give us the desired inequality 
V/ 2 < /. 

We have thus proved that |V/| 2 = /, which, when combined with Lemma 12.1( 2). 
implies that R is constant in a neighborhood of p. Hence R is constant on the entire M. 
The proof of Theorem 11.21 is therefore completed. 

□ 



References 

[1] S. Bando Real analyticity of solutions of Hamiltons equation. Math. Z. 195 

(1987), 9397. 

[2] C. Bohm and B. Wilking Manifolds with positive curvature operators are space 

forms. Ann. of Math. 167(2008), 1079-1097. 

[3] C. Brendle and R. Schoen Classification of manifolds with weakly 1/4-pinched 

curvatures. Acta Math- ematica 200 (2008), 113 

[4] X. Cao Compact gradient shrinking Ricci solitons with positive curvature oper- 

ator. J. Geom. Analysis, 17(2007), 425-433. 



19 



B. Chen, Strong uniqueness of the Ricci flow. J. Differential Geometry, 82 
(2009), 363-382. 

B. Chow and D. Knopf, The Ricci flow: an introduction. Amer. Math. Sco. 
2004. 

X. Cao, B. Wang and Z. Zhang, On locally conformally flat gradient shrinking 
Ricci soliton. Commun. Contemp. Math., 13, 269(2011), 269-282. 

H. Cao and D. Zhou, On complete gradient shrinking Ricci solitons. J. Differ- 
ential Geom. 85 (2010), 175-186. 

M. Fernandez-Lopez, E. Garcia-Rio Rigidity of shrinking Ricci solitons. Math- 
ematische Z., 269 (2011), 461-466. 

R. Hamilton, The Ricci flow on surfaces. Mathematics and General Relativity 
(Santa Cruz, CA, 1986), Contemp. Math. 71, Amer. Math. Soc. (1988), 237-262. 

R. Hamilton, The formation of singularities in Ricci flow. Surveys in Differen- 
tial Geometry, 2 (Cambridge, MA, 1993), International Press, Cambridge, MA, 
1995, 7-136. 

R. Hamilton, Four-manifolds with positive curvature operator. J. Differential 
Geom. 24 (1986), 153179. 

T. Ivey, Ricci solitons on compact three-manifolds. Differential Geom. Appl., 
3(1993), 301-307. 

B. Kotschwar A local version of Bandos theorem on the real-analyticity of so- 
lutions to the Ricci flow. Bull. London Math. Soc., to appear. 

H. Li, Gap Theorems for Kahler-Ricci solitons. Arch. Math., 2, 91(2008), 187- 
192. 

O. Munteanu and J. Wang, Analysis of weighted Laplacian and applications to 
Ricci solitons. larXiv:1112.3 027, 

O. Munteanu and M.-T. Wang, The curvature of gradient Ricci solitons. Math- 
ematical Research Letters, 6, 18(2011), 1051-1070. 

J. Morgan and G. Tian, Ricci flow and Poincare conjecture. Clay Mathematics 
Monographs, Vol. 3, 2007. 



A. Naber, Some geometry and analysis on Ricci solitons. Arxiv: math/06 12532 



20 



L. Ni and L.-F. Tarn Plurisubharmonic functions and the structure of complete 
Kdhler manifolds with nonnegative curvature. J. Differential Geom. (64) 2003, 
457-524. 

L. Ni and N. Wallach, On a classification of gradient shrinking solitons. Math. 
Res. Lett., 15 (2008), 941-955. 

G. Perelman, Ricci flow with surgery on three manifolds. 
Arxiv:mathDG /0303109. 

P. Petersen and W. Wylie, Rigidity of gradient Ricci solitons. Pacific J. Math., 
241(2009), 329-345. 

P. Petersen and W. Wylie, On the classification of gradient Ricci solitons. Ge- 
ometry and Topology, 14 (2010), 2277-2300. 

P. Topping Lectures on the Ricci flow. L.M.S. Lecture note series 325 C.U.P. 
(2006) 

T. Yokota Perelman's reduced volume and a gap theorem for the Ricci flow. 
Comm. Anal. Geom., 17(2009), 227-263. 



21 



